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Professional development with practicing teachers of math-
ematics in the middle grades from the U.S. and India re-
vealed confusions about the construction and interpreta-
tion of data with bar graphs when working with certain
kinds of data. Textbooks often influence teachers’ deci-
sions about what and how mathematics is taught. Textbooks
used in both countries were examined for definitions, de-
scriptions, and examples that highlighted (or obscured) fea-
tures of bar graphs. Potential sources of confusion for teach-
ers (and ultimately their students) regarding this type of
graph were identified. Implications and recommendations
for teaching data analysis with bar graphs are provided.

Introduction

Data analysis is increasingly important in school curricula
due to our sophisticated technological world that relies on
interpreting many forms of information for a multitude of
purposes. Representations of data frequently used and seen
in various media include bar graphs. Bar graphs highlight
comparisons of certain aspects of data, making them more
or less appropriate for certain types of data, and for certain
purposes. Representing numerical data with bar graphs may
be challenging, with potential for confusion when teaching
bar graph construction and interpretation of data displayed
in bar graphs.

Bar graphs use bars to indicate something about the data.
What do these bars represent? What does the length of
each bar represent? What features of the data does a bar
graph highlight? When representing numerical data, when
is it appropriate to use a bar graph? These questions sur-
faced while working with maths teachers in South India.

Three teachers from different schools taught the same les-
son on bar graphs using the same curriculum. During each
lesson, the maths teacher constructed a bar graph to repre-
sent numerical data. I anticipated seeing a bar graph where
the length of each bar represented the frequency (e.g., num-
ber of students) of each data element (e.g., height). How-
ever, each teacher (without consulting one another) con-
structed a bar graph with one bar for each frequency (num-
ber of students) along a carefully drawn scale for the fre-
quencies and the lengths of each bar represented the data
elements (height) — the opposite of what was expected.
Discussions with these teachers were based around the
questions above and prompted further collaborative study.

Teachers of maths in the U.S. revealed similar confusion
when representing data with bar graphs. After all, one can
“read” the same information (e.g., five people are 164
centimetres tall) from a bar for the frequency (5 people)
with a bar length showing a data element (164 centimetres
tall) as from bars representing data elements with bar lengths
showing frequencies of the data elements. The latter is a
conventional bar graph, where it is easy to compare fre-
quencies (or magnitudes) of data elements since the bar
lengths highlight this aspect of a set of data. Additionally,
switching the meaning of the bars and bar lengths is prob-
lematic when there is more than one data element with the
same frequency or magnitude. Understanding how bar
graphs show these aspects of reading and interpreting data
is essential to consider, when constructing them to display
data meaningfully.

Theoretical framework

Three areas of research relate to this study: mathematical



knowledge for teaching mathematics (Ball, et al., 2005; Ma,
1999); graph comprehension (Friel et al., 2001; Russell et
al., 2002; Shah & Hoeffner, 2002); and the nature and role
of curriculum for teaching mathematics (Hiebert, 2008;
Remillard, 2005; Stein et al., 2000; Tarr et al., 2006). Teach-
ers’ knowledge of mathematical content (e.g., construct-
ing and interpreting data from bar graphs) interacts with
the intended curriculum as presented in textbooks (e.g.,
definitions and examples of bar graphs) resulting in the en-
acted curriculum (i.e., learning opportunities for students).

Mathematics Knowledge for Teaching Mathematics

Ma (1999) studied the mathematical knowledge of teachers
and described teachers’ “profound understanding of fun-
damental mathematics” as one factor that significantly in-
fluenced learning opportunities for students. Others describe
mathematical knowledge for teaching as “a kind of profes-
sional knowledge of mathematics different from that de-
manded by other mathematically intensive occupations” (Ball
et al., 2005). Aspects of this knowledge that relate to this
paper include teachers’ ability to do the maths expected of
students, explain the meanings of concepts and procedures
in appropriate ways for students’ understanding, and ability
to use appropriate and meaningful representations (Ball et
al., 2005).

How teachers understand the features of bar graphs related
to highlighting aspects of categorical and numerical data
may influence learning opportunities. Questions regarding
how the bars represent data, and sorting out important char-
acteristics of data such as whether the data is numerical or
categorical and whether numbers indicate magnitude or fre-
quencies, are important to consider when using bar graphs.
Specifically, when using numerical data, one must be clear
about which set of numbers represents the cases or cat-
egories and which set of numbers represents the case val-
ues (magnitudes) or frequencies for appropriate graph con-
struction and comprehension.

Graph comprehension

Research on graph comprehension provided some guid-
ance for critical factors to consider when a search for re-
search on bar graph comprehension brought no results.
Interpretation of graphs involves characteristics of visual
display, knowledge of conventions in graph construction,
and knowledge of the content represented in the graph (Shah
& Hoeffner, 2002). Bars are the main visual characteristic
of bar graphs, so conventions for using bars to represent
data involves knowledge of types of bar graphs and data,
and conventions in construction such as using the length of
a bar to represent frequencies or magnitudes of data ele-
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ments, equal-width bars, and equally spaced bars.

Different types of bar graphs are used to display character-
istics of data. A case value bar graph uses the length of a
bar to show magnitude of individual data elements with no
data reduction, whereas a frequency bar graph involves
simple data reduction by using the length of a bar to display
the number of occurrences of data elements (Russell et al.,
2002). Distinguishing between sets of data as discrete cases,
discrete categories, or grouped numerical data along some
scale, and whether frequencies or magnitude of data ele-
ments are provided, is also critical for constructing appro-
priate representations of the data.

Knowing the ways these types of bar graphs represent cer-
tain types of data may help teachers make decisions about
the level of complexity for instruction. Transition from case
value bar graphs with no data reduction to frequency bar
graphs with simple data reduction may be confusing if this
transition is not carefully considered and explored because
the axes must be redefined (Friel et al., 2001). Three levels
of graph comprehension include reading the data, reading
between the data, and reading beyond the data (Friel et al.,
2001). Even the simplest level of graph comprehension,
reading the data, requires understanding the conventions of
graph construction (Friel et al., 2001; Shah & Hoeftner,
2002).

Nature and Role of Mathematics Curriculum

Teaching inevitably involves the ways that teachers interact
with students about the mathematics content (Hiebert, 2008).
Mathematics curriculum includes the intended curriculum,
meaning what students should learn as presented in text-
books, and the enacted curriculum, meaning the learning
opportunities during instruction in classrooms that reaches
students (Hiebert, 2008; Stein et al., 2000). How teachers
understand and use the mathematics content in commonly
used textbooks influences the instruction and learning op-
portunities for students (Stein et al., 2000). Teachers’ knowl-
edge, beliefs, and dispositions influence the ways they un-
derstand and implement mathematics instruction using text-
book (and other) curricula materials (Remillard, 2005; Tarr
et al., 2006). The textbook plays a major role in guiding
mathematics teachers in India and the U.S. when making
decisions about what and how to teach. In India, the text-
book is literally the curriculum (from the national or state
level) to help prepare students for annual exams. In the
U.S., the textbook is a surrogate curriculum since many
claim alignment with state curriculum standards and are
approved by school districts for instruction. Instructional
decisions for enacting the curriculum influence the learning
opportunities for students, whether the decisions involve a
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degree of fidelity to the printed textbook material or select-
ing examples and adapting materials for instruction.

Recognizing the potential of textbooks for supporting teach-
ing and learning in mathematics classrooms, this paper fo-
cuses on a textbook analysis of representing and data in bar
graphs.

Methodology

Ten textbooks were selected and examined for definitions,
descriptions, and examples used in developing the ideas of
representing data with bar graphs. Nine teacher’s guides
were selected from current standards-based and commonly
used textbooks for teaching middle grades mathematics in
the U.S. One textbook used by teachers and students, and
published as a national curriculum in India, was selected
based on observations of lessons taught from that text. A
total of ten textbooks selected for this study ranged from
fourth through eighth grades.

Definitions, descriptions, and examples of bar graphs from
each textbook were compiled, sorted, and compared. These
definitions, descriptions, and examples were then analysed
for features related to conventions in graph construction
(e.g., bar placement and representation of data). The con-
tent of definitions, descriptions, and examples was exam-
ined for content knowledge needed to make sense of data
in bar graphs (e.g., type of data and type of bar graph).
Communication of key ideas about the content and con-
ventions in constructing bar graphs identified essential and
sufficient information for constructing conventional bar
graphs, and clarity of language to communicate meanings
(e.g., using unambiguous language). Points of confusion
were identified based on absence of essential features in
definitions or descriptions, emphasis of non-essential in-
formation, or use of language that was ambiguous in mean-
ing. Examples were used to test textbooks’ definitions and
descriptions.

Results

Definitions and descriptions of bar graphs were quite var-
ied across grade levels, from short and vague (e.g., use
bars to show data) to detailed descriptions explicitly men-
tioning multiple features of bar graphs. Earlier grades text-
books tended to mention fewer features of bar graphs and
tended to be less descriptive than textbooks from later
grades. Examples of bar graphs tended to be more alike
than different across grade levels regarding elements of vi-
sual display and conventions in constructing such graphs.
One textbook assumed prior knowledge of bar graphs and
had no definition or description, but did include examples

of bar graphs. Another textbook had a definition of bar
graphs but included no examples of bar graphs.

Conventions in constructing bar graphs

Conventions in constructing bar graphs include using bars
to represent data elements (e.g., categories, individual cases,
or a group of numbers such as different time periods dur-
ing a day). The lengths of the bars represent the frequen-
cies of data elements in a frequency bar graph; the length
of each bar indicates the magnitude (or measure or amount
or value) of each individual case (e.g., the amount of money
earned as profit for a particular company). Four out of nine
textbooks specifically mentioned that bar length shows fre-
quency or magnitude. The rest did not explicitly state the
meaning of bar lengths, but all examples were consistent
with using bar length to show frequencies or magnitude of
data elements.

Additionally, conventions for constructing bar graphs in-
clude equal bar width and equal spacing between bars. All
examples of bar graphs had equal bar width, but only two
textbooks explicitly mentioned that bars should be of the
same width. All textbooks except one had equal spaces be-
tween bars, but only one textbook mentioned this conven-
tion explicitly. One textbook included some examples with
no spaces between bars even though the data was categori-
cal (e.g., kinds of pets such as cat, dog, etc.), along with
examples having equal spaces between bars.

Bar orientation was explicitly mentioned by four textbooks.
Three of those indicated bars could be drawn vertically or
horizontally; the fourth textbook specified vertical bars by
defining the x-axis for showing categories and the y-axis
for showing frequencies. Although seven out of nine text-
books with examples had at least one example each of ver-
tical and horizontal bars, it was more common to see verti-
cal bars than horizontal bars. Two had approximately equal
numbers of examples with vertical and horizontal bars, one
had a majority of horizontal bars, and the rest had a major-
ity of examples with vertical bars. One textbook did not
mention bar orientation and had only examples with vertical
bars.

Two textbooks stated that bars could be placed in any or-
der. There were no examples from textbooks in this study
showing how the visual display of the data might be
changed, by changing the order of bars, or whether this
made a difference for some data. Categorical data typically
had no obvious order for listing the categories (e.g., kinds
of pets). However, examples using numerical data were
usually arranged in some order (i.e., grade levels from
youngest to oldest). Although there was a logical order, it



would not have changed the meaning of the data if the data
elements (e.g., grade levels) had been put in a different or
mixed up order. Infrequently, bars for categories were ar-
ranged in order of increasing or decreasing frequency, which
facilitated comparisons of the data; however, ordering bars
in that way could lead to inappropriately identifying trends
across categories.

Content knowledge of bar graphs

The content of bar graphs involves recognizing the kind of
data that is being represented as categorical or numerical.
Additionally, it is important to note whether the data is ap-
propriate for a frequency bar graph or a case value bar
graph. Knowing the characteristics of the data is helpful
for constructing an appropriate bar graph. Identifying the
type of data that can be appropriately represented in a bar
graph is necessary to decide or notice how the bars repre-
sent that data. Types of data were explicitly identified in
definitions or descriptions of bar graphs by five textbooks:
four mentioned only categorical data and one mentioned
numerical data. The other five textbooks did not specify
the type of data.

Eight out of nine textbooks had examples of both types of
data, including two of the textbooks that specified categori-
cal data and the textbook that identified numerical data. Four
textbooks had a majority (64-100 percent) of examples us-
ing categorical data. Three others had more examples using
numerical data than examples with categorical data. Ex-
amples of bar graphs representing numerical data included
examples such as the number of books (frequency) read
by each grade level (number of the grade level used as a
label for a category) or number of children (frequency)
who were a certain height (number indicated a measure).
Sometimes examples representing numerical data grouped
the data into discrete categories along a scaled axis such as
1-5 years, 6-10 years, etc. In some instances, examples of
grouped numerical data included one value in adjacent
groups such as 140-145 cm, 145-150 cm, etc. In these
cases, it was not clear in which group certain data values
(e.g., 145 cm) were represented. Grouping numerical data
in this way for bar graphs was placed in some textbooks as
a transition to a study of histograms.

Identifying the type of graph, frequency bar graph or case
value bar graph, is also helpful for determining or noticing
how the bars represent the data. Six out of ten textbooks
explicitly mentioned the type of bar graph: four mentioned
both frequency and case value bar graphs, and two men-
tioned only frequency bar graphs. Four textbooks did not
specify or distinguish between different types of bar graphs.

Seven out of ten textbooks had examples of both types of
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bar graphs. Of the textbooks that had examples of both
types of bar graphs, one had an equal number of examples
for case value bar graphs and frequency bar graphs. The
rest had a definite majority (56-86 percent) of examples
showing frequency bar graphs. Two textbooks mentioned
only frequency bar graphs (indicating “how many” of some-
thing); one included examples of case value bar graphs
(showing “how much” of something) in addition to ex-
amples of frequency bar graphs, but without distinguishing
between these types. The other textbook had no examples.
Two textbooks had only examples of frequency bar graphs;
one mentioned both types of bar graphs and the other did
not specify the types of bar graphs. The textbooks that did
not specify the different types of bar graphs and had ex-
amples of both types, did not distinguish between them.

Communicating the content and conventions of
bar graphs

Seven features of bar graphs were examined: type of graph
(frequency bar graph or case value bar graph); type of data
(categorical or numerical); bar orientation (vertical and/or
horizontal); bar length (frequency or data value); bar width
(e.g., uniform width); bar order (e.g., arranged in any or-
der); and bar spacing (equal spacing or no space between
bars). None of the textbooks mentioned all seven features.
Three mentioned five features, one mentioned four features,
two mentioned three features, one mentioned two features,
one mentioned one feature, one did not explicitly mention
any of the seven features, and one did not have a definition
of a bar graph. Eight of the nine textbooks that had defini-
tions or descriptions each mentioned something specifically
about the type of bar graph and/or the type of data. Four or
fewer textbooks mentioned one or more of the other five
features. The one that did not mention any specific features
simply indicated that bars show the data without saying
anything about how or what the bars show about the data.

The language for describing how the bars represented the
data was very clear in definitions and descriptions of bar
graphs in four textbooks. For example, one textbook de-
scribed a case value bar graph where “each case is repre-
sented by a separate bar whose relative length corresponds
to the magnitude or value of that case” (Lappan et al., 2006).
Three other textbooks did not specify how the bars and/or
length of bars represented the data and two others used
ambiguous language, but all of these textbooks consistently
showed examples that implicitly indicated the conventions
for using bars to represent categories or cases and the
lengths of the bars as representing frequencies or magni-
tude (i.e., case values). An example of ambiguous language
included using a phrase (e.g., value of the data) to mean a
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category or case represented by each bar, and then later in
the description using the same phrase to refer to a fre-
quency or case value as represented by the length of each
bar. The same phrase was used with different meanings
within the same description, so that difficulty might arise
with sorting out which set of numbers in a numerical set of
data is represented by the bars and which set of numbers
represents the lengths of the bars. This confusion is less
likely when using categorical data.

Implications and recommendations

It was evident that some textbook definitions, descriptions,
and examples highlighted key features of bar graphs, while
other definitions, descriptions, or examples reflected some
but not all key features explicitly or implicitly.

Textbook support for teachers’ knowledge of bar
graphs

Mathematical knowledge for teaching data representation
with bar graphs involves not only the ability to accurately
construct such graphs, but involves identifying key fea-
tures of these forms of data representation, distinguishing
characteristics of data sets, and an awareness of the pur-
poses and contexts for making sense of the data that are
relevant and meaningful for students. Teachers should know
that bar graphs sometimes represent relative magnitude (or
case values) and sometimes represent frequencies, and be
able to tell the difference between these types of bar graphs
presented in textbooks. The amount of data reduction em-
bedded with making certain types of bar graphs is an im-
portant factor to consider in choosing appropriate repre-
sentations of data from textbooks for instruction. Intro-
ductory examples and textbooks from younger grade levels
tended to have more examples with case value bar graphs
(no data reduction) than textbooks at the later grade levels.
Some textbooks used grouped numerical data represented
in bar graphs as a way to transition from frequency bar
graphs to histograms that defined intervals on a continuous
scale.

Potential sources for confusion related to graph compre-
hension and conventions of constructing graphs included
vague textbook definitions or descriptions, and examples
that were not explicitly identified to distinguish between
key features that mattered. Especially when using bar graphs
to represent numerical data, teachers need to be clear about
the characteristics of the data for distinguishing between
numerical “values” that represent individual cases or label
categories, and numerical “values” that indicate magnitude
(case values or measures) or frequencies of categories. To

consistently apply the convention that the length of a bar
represents the magnitude or frequency of data, teachers
must attend carefully to making this distinction. If each
category or case had a unique frequency or magnitude,
then the complexity for distinguishing between the two sets
of numbers in a set of numerical data was increased. When
more than one category or case had the same frequency or
magnitude, it was easier to distinguish what aspect of the
data was being compared, and thus represented by the lengths
of bars in the bar graph.

Implications for supporting teachers’ knowledge of the de-
velopment of ideas related to representing data with bar
graphs include: identifying textbooks that provide explicit
attention to key features of bar graphs with clear language
and supporting examples. Teachers of mathematics who
understand the key features of bar graphs, how these key
features relate to bar graph construction, and how the dif-
ferent kinds of bar graphs are similar and yet different may
be better able to make instructional decisions that consider
a sensible sequence for introducing and developing these
ideas explicitly, especially when textbook information does
not.

Using textbooks as resources for instruction

Hiebert (2008) defined teaching as “how the teacher and
students interact about the content.” Teaching data analysis
requires teachers to know something about characteristics
of data, conventions in constructing graphs for represent-
ing data, and be proficient in graph comprehension. Knowl-
edge of bar graphs and data represented appropriately with
bar graphs is reflected through studying curricula resources
such as commonly used textbooks and teacher resource
materials. “A good curriculum is important (teachers can’t
be expected to create their own curriculum); but a good
curriculum is not enough” (Hiebert, 2008).

Decisions for when it makes sense to address case value
plots, when and how to group data in categories that deal
with data reduction, and general development of graph sense
are important for teachers to consider when planning in-
struction (Friel et al., 2001). Beginning with categorical data
(not numerical data) seems reasonable for introducing bar
graphs. Grouping numerical data into discrete categories
with bar graphs seems an intermediary step in moving to
representing data in histograms.

An important implication of using textbooks as resources
for instruction on representing data with bar graphs includes
recognizing what the textbook highlights explicitly and what
is implicit in examples. Teachers’ knowledge of represent-
ing data with bar graphs has potential to influence instruc-



tional decisions based on supplementing or making explicit
key features that are vague or implicit in textbook defini-
tions, descriptions, or examples. In addition, teachers may
need to clarify confusing definitions or descriptions, and
emphasize characteristics of data sets to encourage stu-
dents to consider how these influence constructing appro-
priate graphs. Considering ways to make key features of
bar graphs explicit when textbook information does not,
directly influences the learning opportunities for students.

Final thoughts

Why are some teachers of mathematics, who have studied
mathematics for themselves as part of their teacher prepa-
ration, confused about representing data with bar graphs?
Many teachers rely on textbook materials to plan math-
ematics instruction; therefore, trying to understand the
source of teachers’ confusions about these graphs natu-
rally led to examining textbooks commonly used for teach-
ing mathematics in the middle grades.

Definitions, descriptions, and examples of bar graphs were
studied from a sample of commonly used textbooks for the
purpose of sorting out key features of these graphs. Addi-
tionally, how these features were emphasized or obscured
in the textbooks was considered. “Graph sense develops
gradually as a result of one’s creating graphs and using
already designed graphs in a variety of problem contexts
that require making sense of data” (Friel et al., 2001). This
study focused on what teachers need to know about the
characteristics of data sets and the conventions of bar graph
construction presented in commonly used textbooks to de-
velop their own and students’ graph sense.

“Teaching is the one component of the system that teach-
ers control ... unless we focus on teaching, directly, all the
other changes we make won’t matter to students” (Hiebert,
2008). Recommendations to teacher education include en-
suring that teachers and prospective teachers understand
the importance of data analysis in today’s world and how
the ability to interpret data representations is becoming a
new basic skill. Typical representations of data using bar
graphs are used frequently in all forms of media and infor-
mation. Teachers need to have sufficient content knowl-
edge to be able to supplement or clarify textbook material in
order to provide learning opportunities for students that
consider how the data is represented and to critically exam-
ine what visual images data representations convey about
the data. Number and operations is a major emphasis in the
elementary (primary) grades. However, the study of case
value bar graphs may provide opportunities for younger

Exploring the Confusions: Bar Graphs 151
children to work on number ideas and skills, in contexts
that are interesting and relevant. In the middle grades, the
study of both types of bar graphs allows for identifying
characteristics of data to determine appropriate representa-
tions. The study of bar graphs for representing data has
much to offer for mathematics education.
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